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Nei and Gojobori ( 1986) developed a simple method to estimate the numbers of synonymous ( ds) and nonsy- 
nonymous (&) substitutions per site. In the present paper, we have developed a method for computing variances 
and covariances of &‘s and dN’s and of the proportions of synonymous (ps) and nonsynonymous (pN) differences. 
We also have developed a method for computing the variances of mean d,, dN, ps, pN, without constructing a 
phylogenetic tree of the genes. We have conducted computer simulations based on simple evolutionary models 
and have shown that the new method gives good estimates of variances and covariances. 

Introduction 

There are several different methods of computing 
the numbers of synonymous ( ds) and nonsynonymous 
( dN) nucleotide substitutions per site (e.g., see Miyata 
and Yasunaga 1980; Li 1993; Pamilo and Bianchi 1993). 
One of the simplest methods is that of Nei and Gojobori 
( 1986 ), and this method is known to give fairly accurate 
estimates unless the rates of transitional and transver- 
sional nucleotide substitution are quite different. How- 
ever, there is no theoretical study about the variances of 
ds and dN, though Nei ( 1987, p. 76) suggested that for- 
mulas analogous to Kimura and Ohta’s ( 1972) for the 
variance of the number of total nucleotide substitutions 
be used. It is therefore important to develop accurate 
formulas of the variances of ds and dN. 

In detecting positive Darwinian selection, it is often 
necessary to compare the means (&, and dN) of ds and 
dN for a group of related sequences (Hughes and Nei 
1988). Nei and Jin ( 1989) developed a method of com- 
puting the variances of & and a_,v. InSthis method, how- 
ever, it is necessary to construct a phylogenetic tree for 
the sequences, and this requires a large amount of com- 
putational time when the number of sequences is large. 
Therefore, it is desirable to find a simpler way of com- 
puting the variances. 

The purpose of this paper is to develop more ac- 
curate mathematical formulas for the variances and co- 
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variances of ds and dN and to present a method for com- 
puting the variances of & and & without constructing 
a phylogenetic tree. The variances and covariances of 
the numbers of synonymous (ps) and nonsynonymous 
(plv) differences per site will also be considered. 

Mathematical Theory 
Variances of ds, dN, ps, and PN 

In Nei and Gojobori’s ( 1986) method, we must 
first compute the numbers of synonymous (S) and non- 
synonymous (N) sites for each DNA sequence. The sec- 
ond nucleotide position of a codon is always a nonsyn- 
onymous site because any nucleotide change at this po- 
sition produces a nonsynonymous substitution. How- 
ever, the first and third positions cannot always be 
uniquely a synonymous or nonsynonymous site, because 
at these positions some nucleotide substitutions cause 
amino acid replacement and others are simply synon- 
ymous. At these positions, therefore, we have fractional 
numbers of synonymous and nonsynonymous sites. For 
example, codon TTA (Leu) has 2/3 synonymous and 7/3 
nonsynonymous sites (see Nei 1987, p. 74). Therefore, 
the total numbers of synonymous sites (S) and nonsyn- 
onymous sites (N) for a sequence are given by 

and 

S=CSi 
i=l 

N= Cni, 
i=l 

(1) 
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where Si and ni are the numbers of synonymous and U Ps) 
nonsynonymous sites respectively, for the ith codon, V( &) = 2 

and r is the number of codons for the sequences studied. 
Note that S+N is equal to the total number of nucleo- 
tides examined, or 3r. In practice, two sequences are 

and 

compared to compute the number of nucleotide substi- 
tutions, and Si and ni represent the averages of s and n 
for the two sequences at the ith codon, respectively. 

The numbers of synonymous and nonsynonymous 
nucleotide differences between the two codons compared 
are also usually fractional numbers, and the total num- respectively, where 
bers of synonymous differences (Sd) and nonsynony- 
mous differences (Nd) are given by v(p,) = p&5(1-ps) 

s 

i=l 

(2) 

(5) 

V( pN) = PN( l-PA4 
N ’ 

Nd = i ndi , 
i=l 

Strictly speaking, however, equation (6) is incorrect, 
because Si , ni, Sdi, and ndi are not 0 or 1‘ but fractional 
numbers. Let us therefore derive more accurate formulas 

where s& and ndi are, respectively, the numbers of syn- for V( ps) and V( pi). Let X and Y be Sd and S, re- 

onymous and nonsynonymous nucleotide differences for spectively. We also represent the expectations [E(X) 

the ith codon. and E(Y)] of X and Y by a and p, respectively, and p 

The number of synonymous differences per syn- = a/ p. V( ps) can then be given approximately by 

onymous site (ps) and the number of nonsynonymous 
differences per nonsynonymous site (pN) are then given 
by 

v(Pd= v(~)=j$[vw 

sd 
Ps = 2 

and (3) 

+ (i)?(Y) - 2(;)Cov(x. Y)]. (7) 

Let us introduce a new random variable, 2 = X \ I 

Nd 
- pY. Equation ( 7) can then be written as 

PN=N. 

V(Ps) =; [v(py+z)+p2v(y) 

Nei and Gojobori ( 1986) suggested that the num- - 2p Cov(pY+Z, Y)] 
bers of synonymous (ds) and nonsynonymous (dN) 
substitutions per site be estimated by applying Jukes and 
Cantor’s ( 1969) formula. That is, 

= ; [p2V( Y)+2p Cov(Y, z)+ V(Z) (8) 

+ p2V( Y)-2p2V( Y) 

ds = -“/4 ln( 1 -4/3ps) - 

(4) 

V(Z) 2p Cov(Y, Z)] = - 
P’ * 

dN = -3/4 h ( 1 -4/3pN) . 

If we note that Z = z i= 1 (s&-psi ) and E(Z ) = 0 and 
assume that the evolutionary changes of nucleotides at 

Nei ( 1987) then suggested that variances [ V( ds) and different codons are independent of each other, V( 2) 
V( dN)] of ds and dN be computed by can be written as 
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r 

V(Z) = E 2 (Sdi-pSi)2 1 i=l 

r 

m 2 (sdi-psi)2 . 
i=l 

COV(Psm Psop) 
r 

(9) c = i=l 
( Sdmni-PSmnSmni ) ( Sdopi-PSophpi ) (13) 

&l,&p 
, 

Here, p is an unknown parameter but can be estimated where subscripts m, n, o, and p refer to the mth, nth, 

by ps as long as Y is not very small. We also estimate p oth, and pth sequences, respectively. Note that S,,, and 

by S. Therefore, we can estimate I’( ps) by Sop may not be the same, because S varies with sequence 
pair. In practice, however, S,,,, and SOP are usually very 

V(ps) = i (SdiTfSi j2 . 

i=l 

close to each other. 

WV 
The covariance [ Cov( dN,,,,,, dry&] between dN,,,,, 

and dNoP and the covariance [ Cov(pN,,,,,, pNoP)] between 
PNmn and pNOp can be obtained in the same way and are 

Now it is obvious that V( pN) can be estimated by given by 

a similar formula. That is, 

Cov(dNmn, dNop) = 
Cov(PNmn, PNO~) 

( 1-4/3PNmn)( l-4/3PNop) ’ (14) v(pNJ = i (ndi-$&)’ . 
(11) 

i=l 

and 
Suppose that Si = 1 for S sites and sdi = 1 for psS 

sites, as in the case of the binomial distribution. It can Cov(PNmnt PNO~) 
then be shown that equation ( 10) is identical with V( ps) ” 
in equation (6). Under a similar condition, equation 
( 11) also becomes identical with v( pN) in equation (6). 
Therefore, V( ps) and V( pN) in equation ( 6) are ap- 
proximations to the more accurate formulas given by 
equations ( 10) and ( 11) , respectively. If we use equations 
( 10) and ( 1 1 ), the variances of ds and dN can be com- 
puted by equation (5), as will be shown by computer 
simulation. 

Variances of &, &, &, and fiN 

i;C ndmni-PNmnnmni 1 t nd0pi-PhQbpi 1 
= i=l 

NmnNop 
* (19 

Therefore, using these covariances as well as the 
variances mentioned earlier, we can compute the vari- 
ances of & and &. Similarly, the variances of the means 
(& and &) of ps and pN can be computed. In these 
computations there is no need to construct a phyloge- 
netic tree, as in the case of Nei and Jin’s ( 1989) method. 

When ds is computed for n sequences, it is an av- Computer Simulation 
erage of the ds values for n( n - 1) / 2 ( = c) sequence 
comparisons. Therefore, the variance of & is composed 
of c variances of ds’s and c( c- 1 )/ 2 covariances. Each 
of the c variances can be computed by equations ( 5) 
and ( 10). By contrast, the covariance of ds for the mth 
and nth sequences (dsmn) and ds for the 0th and pth 
sequences ( dsoP) can be computed by 

To examine the accuracies of Nei’s suggested for- 
mulas for computing the variances and covariances of 
ds and dN and those of the formulas developed here, we 
conducted a computer simulation. In this simulation we 
generated an ancestral sequence of 333 codons by using 
pseudorandom numbers under the assumption that the 
expected frequencies of the four nucleotides A, T, C, 
and G are all Y4. When a stop codon appeared, we re- 

Cov(dSrnn~ hop) = 
CoV(PSmn9 P&p) placed it by a non-stop codon, which was generated by 

( ls4/3 PSmn)( lB4/3 P&p) ’ (12) 
another random number. This sequence was subjected 
to random mutation, and two descendant stop codon- 
free sequences were generated for several different values 

where psmn and psoP are the ps value for the mth and n th of the expected number of substitutions per site (d) 

sequences and that of the 0th and pth sequences, re- (fig. l/4). 

spectively. The covariance of psmn and psoP can be ob- Once two descendant sequences with an expected 

tained by the same procedure as the variance of ps and value of d were generated, we computed ds and dN or 

becomes ps and pN by equation ( 3 ) or equation (4) and the vari- 
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B 

2 1 2 3 4 
FIG. 1 .-Phylogenetic tree used in computer simulations. A, Case 

of two sequences. B, Case of four sequences. 

antes of these quantities by equations ( 5)) ( lo), and 
( 11). We also computed V( pS) and V( pN), using Nei’s 
approximate formula [ eq. ( 6)]. We repeated these com- 
putations 30,000 times for each parameter value. The 
average values for these replications are given in the “No 
selection” part of tables 1 and 2. These tables also include 
the observed variances ofps, pN, &, and dN among rep- 
lications. 

Table 1 shows that the means of ps and pN are vir- 
tually identical with the expected values of ps and pN, 
respectively. The estimates of V( ps) and V( pN) obtained 
by our formulas ( 10) and ( 11) are also very close to the 
observed (true) variances, and thus our formulas are 

quite accurate. To our surprise, however, Nei’s approx- 
imate formulas also give very good estimates of V( ps) 
and V( pN), though the reason for this is not very clear. 
This indicates that one can use either Nei’s formulas or 
ours, in this cases. 

The “No selection” part of table 2 shows the esti- 
mates of V( ds) and V( dN) for similar sets of sequence 
data. This table also leads us to conclude that for com- 
puting V( ds) and V( dN) we can use either Nei’s for- 
mulas or our new ones. 

Tables 1 and 2 include the estimated and observed 
variances for the cases where nonsynonymous substi- 
tutions are subject to purifying (negative) selection and 
positive selection. In the case of negative selection, non- 
synonymous substitutions are assumed to occur with a 
probability of 20%, compared with that of synonymous 
substitutions. Therefore, the mean estimates of dN in 
tables 1 and 2 are -20% of those of ds. The variances 
ofps, pN, ds, and dN estimated by using the two methods 
are again very close to the observed variances, though 
the variances of ps and ds obtained by Nei’s method 
tend to be slightly smaller than the observed values. 

In the case of positive selection, we assumed that 
nonsynonymous substitutions occur with a probability 
that is higher than that of synonymous substitutions by 
20%. Thus the means of dN in table 2 are - 120% of 
those of ds. In this case the variances of ps, pN, ds, and 
dN obtained by Nei’s formulas and ours are virtually 

Table 1 
Variances of the Numbers of Synonymous (ps) and Nonsynonymous (PN) Differences per Site 

PS PN 

Variance (X 1 04) Variance (X 1 04) 
EXPECTED VALUE 

OF Ps Mean (1) (2) (3) Mean (1) (2) (3) 

1. No selection: 
0.094 . . . . . 0.094 3.32 3.30 3.26 0.094 1.14 1.13 1.12 
0.176 . . . . . . . . 0.176 5.67 5.62 5.7 1 0.176 1.95 1.91 1.96 
0.310 . . . . . . . 0.310 8.37 8.27 8.17 0.311 2.87 2.83 2.83 
0.490 . . . . . 0.490 9.78 9.85 9.91 0.49 1 3.35 3.35 3.37 

2. Negative selection: 
0.094 . . . . . . . . 0.094 3.33 3.36 3.38 0.020 0.26 0.26 0.27 
0.176 . . . . . . . 0.176 5.67 5.80 5.92 0.040 0.5 1 0.5 1 0.5 1 
0.310 . . . . . . . 0.311 8.37 8.79 8.93 0.078 0.96 0.98 0.97 
0.490 . . . . . . . . . 0.49 1 9.77 10.9 10.9 0.150 1.71 1.77 1.68 

3. Positive selection: 
0.094 . . . . 0.094 3.35 3.31 3.29 0.111 1.33 1.31 1.32 
0.176 . . . . . . . . . . 0.177 5.71 5.60 5.62 0.206 2.19 2.15 2.16 
0.310 . . . . . 0.314 8.43 8.24 8.25 0.354 3.07 3.01 3.01 
0.490 . . . . . . . . 0.497 9.78 9.77 9.58 0.538 3.33 3.33 3.33 

NOTE.-The expected values of prv’s are the same as those of pls for the case of no selection; 0.020, 0.039,0.076, and 
0.144 for the case of negative selection; and 0.111,0.205,0.355, and 0.541 for the case of positive selection. (I) = Variance 
estimated by equation (6); (2) = variance estimated by equations (10) and (11); and (3) = observed variance. 
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Variances of the Numbers of Synonymous (d,) and Nonsynonymous (&) Substitutions per Site 

EXPECTEDVALUE 
OF d, Mean 

4 4v 

Variance (X 1 04) Variance (X 1 04) 

(1) (2) (3) Mean (1) (2) (3) 

1. No selection: 
0.1 ............ 
0.2 ............ 
0.4 ............ 
0.8 ............ 

2. Negative selection: 
0.1 ............ 
0.2 ............ 
0.4 ............ 
0.8 ............ 

2. Positive selection: 
0.1 ............ 
0.2 ............ 
0.4 ............ 
0.8 ............ 

0.100 4.39 4.36 4.29 0.100 1.50 1.48 1.47 
0.20 1 9.83 9.74 9.86 0.20 1 3.34 3.29 3.36 
0.402 24.8 24.5 24.1 0.40 1 8.42 8.30 8.28 
0.801 85.4 86.7 86.2 0.800 28.6 28.6 28.7 

0.101 4.40 4.45 4.45 0.020 0.28 0.28 0.29 
0.20 1 9.83 10.1 10.2 0.04 1 0.57 0.58 0.57 
0.403 24.9 26.2 26.5 0.082 1.21 1.23 1.20 
0.803 86.1 96.8 95.1 0.168 2.69 2.78 2.64 

0.101 4.43 4.38 4.34 0.120 1.83 1.81 1.82 
0.203 9.93 9.75 9.73 0.24 1 4.18 4.10 4.11 
0.409 25.5 25.0 24.8 0.479 11.1 10.9 10.9 
0.82 1 90.3 90.7 87.8 0.952 42.8 42.8 42.7 

NOTE.+ 1) = Variance estimated by equations (5) and (6); (2) = variance estimated by equations (5), (IO), and (11); 
and (3) = observed variance. 

identical with each other and agree quite well with the 
observed values. Therefore, we can conclude that either 
Nei’s formulas or our new ones give good estimates of 
the variances of ps, pN, ds, and dN, whether there is 
selection or not. 

To examine the accuracies of the covariances of 
ps’s, pN’s, ds’s, and dN’s, we considered four DNA se- 
quences that have the phylogenetic relationship given 
in figure 1 B. The DNA sequences were generated by the 
same method as that described above for each set of 
expected distances dl , d2, d3, d4, and ds . The covariances 
were estimated by equations (12), ( 13), (14), and (15) 
when the new method was used. When Nei and Jin’s 
( 1989) approach was used, we first estimated the to- 
pology and branch lengths of each four-sequence tree 
by the neighbor-joining method (Saitou and Nei 1987) 
for both ds and dN. The covariance of d (either ds or 
dN) for the mth and nth sequences (di,) and d for the 
0th and pth sequences (d,,) was then computed by 

V(S) CovWn,, do,,) = - 
m (16) 

= 3/16 ( 1- em4’13)( 1+3 e-4613) 
-4613 2 Me ) 

, 

where 6 is an estimate of the branch length shared by 
the evolutionary pathways between the mth and nth se- 

quences and the 0th and pth sequences in the tree es- 
timated. For example, 6 is 2d5 when m = 1, n = 3, o 
= 2, and p = 4 in figure 1 B. Nei and Jin ( 1989) did not 
consider the variances of js and PN. However, their ap- 
proach can be used to compute these quantities. In this 
case the variance ofps and pN can be computed by equa- 
tion (6). By contrast, the covariance of pmn and pop is 
given by 

COV(P,nm Pop) (17) 
= ( 1-4/3 pmn)( 1-4/3 p,DvWnn~ d,,). 

In the present simulation, we considered three dif- 
ferent sets of expected branch lengths in the tree of figure 
1 B: (A) d, = d2 = d3 = d4 = dS = 0.1; (B) dl = d2 = dS 
= 0.1, d3 = 0.3, d4 = 0.5; and (C) dl = d3 = dS = 0.1, 
d2 = d4 = 0.3. For each of these cases Cov(p12, p13), 
Cov(p,3, p24), and V(j), and their corresponding co- 
variances for d’s and V(d), were computed by both the 
new method and Nei and Jin’s, and the results obtained 
were compared with the observed covariances. The 
number of replications was again 30,000. At the same 
time, the variances of js and & were also computed. 

Table 3 shows the values of Cov(p12, p13), Cov(pi3, 
~24)) and V(j) for the synonymous (ps) and nonsynon- 
ymous (pN) nucleotide differences per site. When there 
is no selection or when there is positive selection, Nei 
and Jin’s approach tends to give slightly larger values of 
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Table 3 
Covariances of the Numbers of Synonymous (ps) and Nonsynonymous bN) Differences per 
Site and the Variances of j& and & 

COV(P12#13) w lo41 cov(Pl3 #24) o( 1 04) vm w lo41 

BRANCH LENGTH!?’ (1) (2) (3) (1) (2) (3) (1) (2) (3) 

1. No selection: 
A: 

ps .......... 
pN .......... 

B: 
ps .......... 
pN .......... 

c: 
ps .......... 
pN .......... 

2. Negative selection: 
A: 

ps ........... 
pN .......... 

B: 
ps ........... 
pN .......... 

c: 
ps ........... 
pj,l .......... 

3. Positive selection: 
A: 

ps ........... 
pN .......... 

B: 
ps ........... 
pN .......... 

c: 
ps ........... 
pN .......... 

1.95 1.79 1.77 3.31 3.03 3.02 3.71 3.54 3.56 
0.67 0.63 0.65 1.13 1.08 1.09 1.28 1.24 1.24 

1.50 1.35 1.35 1.49 1.29 1.17 3.77 3.58 3.52 
0.5 1 0.48 0.49 0.5 1 0.48 0.44 1.29 1.26 1.26 

1.50 1.35 1.31 1.92 1.68 1.68 3.91 3.69 368 
0.52 0.48 0.52 0.66 0.63 0.64 1.34 1.30 1.34 

1.95 2.03 2.04 3.31 3.51 3.56 3.72 3.90 3.91 
0.24 0.24 0.23 0.47 0.46 0.46 0.45 0.45 0.45 

1.50 1.60 1.58 1.48 1.75 1.63 3.76 4.21 4.12 
0.22 0.23 0.21 0.40 0.40 0.33 0.71 0.73 0.69 

1.50 1.61 1.52 1.93 2.18 2.16 3.91 4.26 4.16 
0.22 0.23 0.19 0.43 0.42 0.38 0.64 0.65 0.61 

1.95 1.76 1.78 3.34 2.95 2.84 3.74 3.49 3.47 
0.70 0.65 0.65 1.15 1.09 1.08 1.34 1.30 1.29 

1.49 1.30 1.29 1.47 1.22 1.09 3.75 3.50 3.41 
0.5 1 0.47 0.46 0.44 0.42 0.39 1.25 1.22 1.21 

1.48 1.32 1.29 1.93 1.60 1.60 3.91 3.6 1 3.62 
0.52 0.48 0.49 0.60 0.57 0.60 1.33 1.29 1.30 

NOTE.-( I) = Covariances estimated by equations (16) and (17); (2) = covariances estimated by equations (13) and 
( 15); and (3) = observed covariances. 

* Expected branch lengths used for simulation are as follows: A-d, = dz = d3 = d4 = d5 = 0.1; B-d, = dz = ds = 0.1, 
d3 = 0.3, d4 = 0.5; and C-d, = d3 = d5 = 0.1, d2 = d4 = 0.3. 

Cov(pIz, prS) and Cov(p13, pX4) than does our method, 
but both values are generally quite close to the observed 
values. When there is negative selection, the agreement 
between the estimated variances obtained by the two 
methods and the observed variances is even better than 
that for the above two cases. Comparison of the esti- 
mated and observed values of V(p) also shows that the 
two methods give essentially the same results and that 
they are very close to the observed values. 

We made a similar comparison of the estimated 
and observed values of Cov( &, d13), Cov( d13, d&, 
and V( 6) for both ds and dN, and the results obtained 
(not presented) again showed that the two methods give 
very similar estimates of the covariances and the vari- 
ances and that they are very close to the observed values. 
We can therefore conclude that Nei and Jin’s approach 

and the new method developed in this paper both give 
good estimates of the variances of &, pN, &, and L&. 

In the simulation mentioned above, we used 333 
codons. However, to examine the effect of the number 
of codons, we conducted another simulation, using 33 
codons. The result obtained from this simulation were 
essentially the same as those described above. Therefore, 
our conclusion remains the same, irrespective of the 
number of codons used. 

Discussion 

We have seen that Nei’s approximate formulas for 
the variances of ps, pN, ds, and dN are surprisingly ac- 
curate and that good estimates of the variances of & 
and dN can also be obtained by Nei and Jin’s method. 
Furthermore, if we use equation ( 17 ) , the variances of 
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& and plv can be obtained by Nei and Jin’s approach. Acknowledgments 
Nevertheless, it should be noted that our new formulas This work was supported by research grants from 
have a more solid theoretical formulation. In addition, the National Institutes of Health (GM-20293) and the 
Nei and Jin’s method of computing the vahnces of National Science Foundation (DEB-9 119802)) to M.N. 
&, dN, js, and plv is quite time-consuming when the 
number of sequences used is large, say, >50. This is 
because the number of covariance terms involved rapidly 
increases with increasing sequences, and these covari- 
antes must be estimated after construction of a phylo- 
genetic tree. In our new method no phylogeny is required 
for computing the covariances, so that it will facilitate 
the computation of the variances of &, dv, js, and &. 

The present study has been conducted by using the 
Jukes-Cantor model of nucleotide substitution. This 
model is known to be quite robust in estimating the 
number of nucleotide substitutions, as long as d is rel- 
atively small and the ratio of transitional and transver- 
sional nucleotide substitutions is not extremely high or 
low (Nei 1987, p. 72). Yet, it is possible that the present 
method and Nei and Jin’s approach for computing the 
variances of &, dN, &, and & give different estimates 
when they are applied to actual data. This was indeed 
the case when we computed the variances of & and dN 
for the sequence data of the lysin gene from several aba- 
lone species (Lee and Vacquier 1992). In this case both 
methods gave similar values of V( ds), but the estimate 
of V( &) was slightly higher for the present method than 
for Nei and Jin’s method. In these cases we suggest that 
a larger estimate of variance be used for testing the sig- 
nificance of the difference between & and &, to make 
the test conservative. 

When the ratio (R) of transitional substitutions to 
transversional substitutions is high, Nei and Gojobori’s 
method is expected to give overestimates of ds and 
underestimates of dN (Li 1993; Pamilo and Bianchi 
1993 ) . In mitochondrial DNA, R is generally quite high 
in many species, but in nuclear genes this is not always 
the case. Therefore, Nei and Gojobori’s method should 
be used for the genes with low R values. In this case this 
method has an advantage over the Li-Pamilo-Bianchi 
method, because the latter method tends to give over- 
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